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Abstract. Periodic anti-tetrachiral materials are strongly characterized by a marked auxeticity,
the unusual and fascinating mechanical property mathematically expressed by negative values
of the Poisson’s ratio. The auxetic behavior is primarily provided by pervasive rolling-up mech-
anisms developed by the doubly-symmetric micro-structure of the periodic cell, composed by a
regular pattern of rigid rings connected by tangent flexible ligaments. Adopting a beam-lattice
model to describe the linear free dynamics of the elementary cell, the planar wave propaga-
tion along the bi-dimensional material domain can be studied according to the Floquet-Bloch
theory. Parametric analyses of the dispersion curves, carried out with numerical or asymptotic
tools, typically reveal a highly-dense spectrum, with persistent absence of total band-gaps in the
low-frequency range. The paper analyses the wave propagation in the meta-material developed
by introducing rigid massive inserts, locally housed by all the rings and working as undamped
linear oscillators with assigned inertia and/or stiffness properties. The elastic coupling between
the cell microstructure and the oscillators, if properly tuned (inertial resonators), is found to
significantly modify the Floquet-Bloch spectrum of the material. The effects of the resonator
parameters (tuning frequency and mass ratio) on the low-frequency band structure of the meta-
material are discussed, with focus on the valuable possibility to (i) open total band gaps, by
either the widening of an existing partial band gap or the avoidance of a crossing point between
adjacent dispersion curves, (ii) finely control the total band-gap amplification, in order to assess
the maximum achievable performance of the meta-material against the vibration propagation.
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1 INTRODUCTION

Auxetic materials are characterized by the unconventional and fascinating ability to develop
transversal expansions in response to a longitudinal stretching. This physical peculiarity, which
is described by negative Poisson’s ratios in solid mechanics, is rarely observable in nature, but
can be smoothly obtained by artificial synthesis [1-3]. The recent and increasing interest in
auxetic materials is being strongly catalyzed by the compelling demand for advanced appli-
cations in aerospace, chemical, naval, nuclear, biomedical, sport engineering fields. Indeed,
auxetic sheets and solids are potentially featured by a variety of functional super-capacities, in-
cluding higher fracture toughness and indentation resistance, as well as augmented properties of
acoustic damping and energy absorption, with respect to their conventional counterparts [4—6].

Artificial realizations of auxetic materials include polymeric or metallic foams and laminates,
on the one hand, and micro-structured composites, which typically possess periodic cellular ge-
ometries (namely reticular networks, chiral lattices, re-entrant honeycombs and origami folds),
on the other hand [8-10]. Leveraging their intrinsic periodicity, obeying to the well-established
Floquet-Bloch theory, a promising theoretical and technological research challenge concerns
the employment of chiral auxetic media as versatile elastic guides for planar optical and acous-
tic waves. Indeed, a proper tuning of their mechanical properties may allow the effective design
of such materials as tailor-made signal propagators or — especially — selective passive filters
for noise reduction and vibration mitigation [11-14]. In this respect, the high performance and
versatility ensured by tunable arrays of light and flexible resonant subsystems is a promising
trend coming from a multi-disciplinary cross-fertilization [15-21].

Among different chiral topologies, the anti-tetrachiral material is gaining major attention,
due to its strong auxeticity, accompanied by a marked anisotropy [9, 14, 22-24]. Employing
a linear beam-lattice model of the cell microstructure, the wave propagation properties of this
material have been studied by means of both numerical and asymptotic tools [30]. Paramet-
ric analyses of the dispersion curves typically reveal a highly-dense spectrum, with persistent
absence of band-gaps in the low-frequency range. Such shortcomings, confirmed also by con-
tinuum models and in presence of soft matrices [14] may actually limit the practical efficiency
of the anti-tetrachiral materials as adjustable passive controllers against the free propagation of
vibration waves with target frequencies, wavenumbers, or polarization modes.

The paper explores the possibility to develop a meta-material by introducing rigid massive
inserts, locally housed by all the rings and working as undamped linear oscillators with assigned
inertia and/or stiffness properties. The elastic coupling between the cell microstructure and the
oscillators, if properly tuned (inertial resonators), has the potential to significantly modify the
Floquet-Bloch spectrum of the material [25-28]. A suited design of this purely-mechanical
behavior opens the valuable perspective to passively control the wave propagation by, first,
artificially regulating the tailored opening or closure of one or more frequency band-gaps, and,
second, maximizing their respective amplitudes according to optimal criteria [29].

According to this leading idea, the beam-lattice model of the anti-tetrachiral material is en-
riched by coupling the global dynamics of the periodic cell with the local dynamics of the
resonators (Section 2). Then the coupled eigenproblem governing the wave propagation in the
meta-material is formulated (Section 2.2). The effects of the resonator key-parameters (mass
ratio and frequency tuning) on the dispersion curves and frequency band gaps are discussed
(Section 3). These parametric studies pave the way for the analytical, although approximate,
description of the enriched Floquet-Bloch spectrum by means of asymptotic perturbation tech-
niques, suited to carry out explicit design criteria. Concluding remarks are finally drawn.
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Figure 1: Anti-tetrachiral cellular meta-material: (a) pattern, (b) periodic cell, (c) beam lattice model.

2 BEAM LATTICE MODEL

Focusing on the microscopic scale, a cellular meta-material characterized by a square pe-
riodic cell, fully tiling a two-dimensional infinite domain, is considered (Figure 1a). A beam
lattice model is formulated to describe the linear elasto-dynamic response of the unit cell, fea-
tured by a double geometric symmetry which realizes an anti-tetrachiral topology (Figure 1b).
The internal structure, or microstructure, of the elementary cell is composed by four circular
rings connected by twelve tangent ligaments. The rolling-up mechanism, responsible for the
auxetic behavior, consists in the opposite-sign, iso-amplitude rotations developed by any pair of
adjacent disks in-a-row (or column), when the cell is stretched along one of the symmetry axes.

A rigid body model is assumed for the massive and highly-stiff rings, possessing identical
mean diameter D. The ring centers are located at the four corners of an ideal internal square,
concentric with the external cell boundary. The ring small width S' is considered a free param-
eter, allowing the independent assignment of the rigid body mass M and moment of inertia .J.
A linear, extensible, unshearable model of massless beam is employed for all the identical light
and flexible ligaments, in the small-deformation range. As long as the beam-ring connections
nominally realize perfectly-rigid joints, the natural length L of the inner horizontal and verti-
cal ligaments coincide with half the side of the square cell. By virtue of the periodicity, the
cell boundary crosses the midspan — and halves the natural length — of all the outer ligaments.
Assuming the same linear elastic material (with Young’s modulus E) and cross-section shape
(with area A and second area moment /) for each ligament, all the beams have identical ex-
tensional £ A and flexural rigidity £ 1. The effects of a homogeneous soft matrix, which may
likely embed the microstructure [14], are neglected as first approximation.

Moving from this structural layout, a novel meta-material can be realized by supplying each
ring with a light soft annular filler, hosting a central heavy circular inclusion, serving as inertial
resonator with adjustable mechanical properties. All the identical inclusions are modelled as
rigid disks, co-centered with the respective housing rings, with body mass M, and moment
of inertia J,. As long as the internal coupling provided by the filler can be assumed linearly
elastic, the ring-resonator differential displacements are affected by equivalent translational and
rotational stiffnesses [28]. Therefore, the local (translational and rotational) motion of each
resonator is essentially characterized by two natural frequencies (2, and (2.



Marco Lepidi, Andrea Bacigalupo

Introducing a certain circular frequency (2. of the cellular solid as known dimensional refer-
ence, a suited minimal set of independent nondimensional parameters, sufficient to describe the
inertial, elastic and geometric properties of the square periodic cell, is

D 1 EA J
5:_ 92:—7 w02277 X2:
AL? M22L ML?

7 (1)
where w, stands for a frequency characterizing the beam lattice. The geometric parameter o
roughly expresses the material compositeness, measured as the linear density of the circular
rings. The nondimensional form p of the gyration radius of inertia accounts for the (inverse)
slenderness of the ligaments. Finally, x? is the rotational-to-translational mass ratio of the disks.
Together with the microstructural parameters, the meta-material is further characterized by
additional nondimensional parameters, describing the properties of the local resonators

Qr Mr Yy = QG X2 o Jr
) = -7
we 2. we 2. " M,.L?
where v and vy can be recognized as tuning parameters for the two resonator frequencies, «

accounts for the resonator-to-ring mass ratio and x? is the rotational-to-translational mass ratio
of the resonator.

’}/:

2.1 Equations of motion

According to the mechanical assumptions, the linear dynamics of the unit cell is governed
by a multi-degrees-of-freedom discrete model, referred to a full set of 16 configurational nodes,
located by the position vectors x; (with 2 = 1, ..., 16) in the natural configuration. The actual
configuration of the i-th node is described by three time-dependent components of motion,
corresponding to the horizontal displacement U;(t), the vertical displacement V;(#) and the in-
plane rotation ¢;(¢). The nondimensional variables can be introduced

Ui Vi
- =1
where L, stands for a reference length L, which preserves the smallness of the displacements.
All the nondimensional configuration variables can be collected in the 48-by-one displacement
column-vector q = (qy, ..., q;, ---, Q16), Where the i-th nodal subvector q; = (u;, v, @;).

Depending on the position of the lumped masses in the discrete model and with reference to
the labels in Figure 1c, the model nodes can conveniently be distinguished into three subsets

7=t 2)

i. four internal nodes located at the ring centroids (red nodes (1)...(4)), whose 12 active
displacements can be collected in the subvector q, = (q1, qa)

ii. eight external nodes located at the outer ligament midspans (gray nodes (5)...12), whose
24 passive displacements can be cast in the subvector q, = (g5, qi12)

iii. four inner nodes located at the disk centroids (black nodes (3...(9), whose 12 resonant
displacements can be collected in the subvector g, = (q13, q16)

The distinction remarks that the internal and inner nodes develop both nondimensional elastic
(04, 0,) and inertial forces (£, f.), which actively participate in the dynamic cell equilibrium.
On the contrary, the external nodes can develop only elastic forces o, which partially depend on
the stiffness coupling with the internal nodes, and quasi-statically balance the reactive forces f,
transferred by the adjacent cells. Due to the geometric assumptions, the positions of the internal
and inner node sets (nodes (1)...(#) and @3...19) coincide in the undeformed configuration.

4
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According to displacement/force decomposition, the nondimensional equilibrium equation
governing the undamped free oscillations of the discrete model has the matrix form

fr (o 0
f.|+lo.|l =10 3
0 o) f,

or, making explicit the force dependence on the nodal acceleration or displacements

M, O Ol (g K, -K, O Q@ 0
O M, O | & |+|-K KutK Kyp||a |=]0 4)
o o0 o]\, o) K. K,| \a f,

where dot indicates differentiation with respect to the 7-time and O stands for empty matrices.

Focusing on the micro-structural matrices, the global mass submatrix M, is diagonal, as far
as a lumped mass description is assumed. The symmetric submatrices K,, and K, account for
the global stiffness of the internal and external nodes, respectively. The rectangular submatrix
K, = K;a expresses the elastic global coupling among the internal and external nodes. A
parametric expression of these matrices can be found in [30]. Focusing on the resonators, both
the local mass and stiffness submatrices M, and K, are diagonal. The submatrix K, accounts
also for the global-local coupling between the inner and internal nodes.

2.2 Free wave propagation

The free wave propagation along the bi-dimensional cell domain can be studied accord-
ing to the Floquet-Bloch theory [31-33]. Moving in the k-transformed space the active (j =
1...4,13...16) and passive displacements and passive force vectors assume the representations

q; = (~lj eik'xjy dp = Fp(lpa fp = F:vfp (5)

where i denotes the imaginary unit, k = (ky, k») is the (dimensional) wavevector and the block
diagonal matrix F,, = diag[Te'®>s .. Te'k*12] with I being the three-by-three unit matrix.
The passive displacement and force vector can be ordered and partitioned as q, = (q,, q;),
f, = (f,,f]) to separate the variable pairs (q, , f,") belonging to the left/bottom cell boundary
(composed by the external nodes (5),(),(9),(9) from the variable pairs (q,;, f,") belonging to the
right/top boundary (composed by the external nodes (6),(8),1D,12). Extending the same partition
to the respective transformed variables, the equation (5) can be written
a, =F, 4, q =Fa, f =FIf £t =Fiff (6)

p pp? pp?
where, based on the decomposition, the matrices F,, = diag[Ie'**s Telk>7 Tetkxo Telkxio]
and F} = diag[Te'k>s Telk>s Telkxu Telkx ]
Imposing the periodicity conditions on the transformed variables (q,, = q,, and f; = —fp_ )
the free wave propagation throughout the cell domain between the two complementary bound-
aries is governed by the quasi-periodicity conditions on the anti-transformed variables

qf =Lg,, ff=-Lf; (7
where, following from the equations (6), the block diagonal transfer matrix reads
L = diag [eik'd% I,elkdrs ] elkedon T olkedion I} (8)

and d;; = x; — x; represents the vector connecting the i-th and the j-th external nodes.
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Consistently with the passive displacement and force decomposition, and imposing the quasi-
periodicity conditions (8), the lower (quasi-static) part of equation (4) reads

K;a K;U K;FP
Kt | * K+ K#
pa pp pp

I
L

I

s ©)

q, =

with I being now the twelve-by-twelve unit matrix. This equation can be solved to express the
passive variables as slave functions of the master active displacements, yielding
q, = RK,+LK, )q., f = (K, + (K, +K L)RK,+LK,))a. (10
where the k-dependent matrix R = — (LK;FPL + LK, + K;f;L + K;tp) s diagonal.
Similarly, the imposition of the quasi-periodicity conditions to the upper (dynamic) part of

the equation (4) leads to a coupled equation which, after condensation of the passive variables
by virtue of the enslaving relations (11), depends on the active variables only

BRI
da _KT K?"+KCL da 0

where the condensed stiffness matrix K, = Ka, + (K, + Kf L)R(K/, + LK ), with the
symmetries K, = (K,,)" and K = (K},)" is known to be Hermitian and is derived in [30].

As brief discussion, the upper part of equation (11) can still be recognized to govern the local
resonator dynamics, whereas the lower part governs the global dynamics of the cell microstruc-
ture. It is worth noting that the passive variable condensation, including the enforcement of the
quasi-periodicity, is not mathematically affected by the resonator presence. Indeed, the con-
densed global stiffness matrix K, = (K, + K,) of the meta-material is not formally different
from the matrix K, governing the wave propagation in the resonator-free material, apart for the
mere addiction of the local stiffness term K,. Conversely, the uncoupled global dynamics the
resonator-free material can be restored by simply zeroing the local matrices M, and K,.. Physi-
cally, this remark can immediately be justified by the absence of any internal coupling between
the resonant active variables q, and the condensed passive variables q,,.

Denoting w the unknown nondimensional frequency, the harmonic monofrequent solution
qo = Fo,e“" and q, = F,1),e'“" can be imposed in the equation (11). Eliminating the
dependence on time, an eigenproblem in the unknown eigenvalues A = w? /w? and eigenvectors
¥ = (¥,,1,) can be stated in the non-standard form (K — AM) F1 = 0, or more explicitly

K, -K, (o
el ail-6) e

where the diagonal block matrices F, = F, = diag[Tetk>1 . Telk>i],

The eigenproblem solution gives twenty-four real-valued eigenvalues \; (or frequencies w;),
sorted in ascending order. It is worth remarking that, owing to the Hermitian property, the K-
matrix is certainly non-defective, that is, possesses a complete eigenspace spanned by twenty-
four proper eigenvectors. Therefore, each eigenvalue \; has coincident algebraic and geometric
multiplicity m; and corresponds to a complex-valued eigenvector 1), collecting the non-passive
eigencomponents ),; and 1), only. The passive eigencomponents depend on the active eigen-
components through the quasi-static relations ¥, = R(K;a+ LK )v,bm- and v,b;i =Lt

pa

M, O
o M,

M, O
o M,

F,
F,
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Figure 2: Stationary translational (red) or rotational (blue) modes 1),; of
the anti-tetrachiral material (a omitted).

3 FLOQUET-BLOCH SPECTRUM

Fixed certain parameter values for the beam-lattice model and the resonators, the twenty-
four eigenvalues (or frequencies) and the corresponding eigenvectors can be determined under
variation of the nondimensional wavevector b = (31, 32), composed of the wavenumbers

By =k -dss = k- drs, B2 =k -dgi1 =k - digi2 (13)

in the square Brillouin domain ) = [—7, 7] x [—7, 7]. According to the Floquet-Bloch theory
[31-33], this investigation can be focused on the two edges

B = {61 €[0,7], 2 =0}, Bio = {01 = P2 €[0,7]} (14)

which bound the irreducible triangular zone of the {D-domain and are spanned by the abscissae
B1 and By = (B2 + ($2)/2, respectively. The corresponding w-frequent vibration waves propa-
gate through the periodic material along the horizontal direction (with 3;-wavenumber ranging
in [0, 7 ]) and diagonal direction (with (312-wavenumber ranging in |0, V2or D.

The frequency loci versus the variable wavenumber constitute the Floquet-Bloch spectrum,
composed of twenty-four dispersion curves for the meta-material or twelve dispersion curves
for the resonator-free material (as can be carried out by setting M,, = K, = O). The curve
roots, located at the @-origin (31 = 3, = 0), correspond to the quasi-periodicity conditions (7)
degenerating into conditions of standard periodicity. Therefore, the corresponding eigenpairs
(A\°, ¢°) can be interpreted as the natural frequencies, possibly null, and (real-valued) vibration
modes of the single elementary cell in the free stationary harmonic oscillation of the periodic
system. In the absence of resonators, these modes are participated only by an homogeneous
subset of active displacements (Figure 2). so that they can be classified as translational modes,
if contributed by the four horizontal or the four vertical components, or rotational modes, if
contributed by the four rotation components. With minor abuse of nomenclature, the same
classification can be extended to the b-dependent eigenvectors, which can be interpreted as
polarization modes of the propagating wave, characterized by a certain (not null) wavenumber.
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Figure 3: Floquet-Bloch spectrum (w% = w/w,) of the anti-tetrachiral material (without resonators):
(a) horizontal and (b) diagonal direction of wave propagation (3] = 31/7, Bfy = B12/(v/27)).

3.1 Parametric analysis

In the absence of resonators, the Floquet-Bloch spectrum is presented in Figure 3 for a set
of parameter values (x? = 1/81,0 = 1/10, ¢* = 1/100). For both the propagation directions,
the low-frequency (namely w;-wg) and high-frequency (namely wy-w;2) ranges are separated
from each other by the total band gap BGr, and the respective polarizations are systematically
dominated by translational and rotational modes, respectively. Some parametric analyses show
that, as long as the two frequency ranges remains well-separated, the translational frequency
curves (rigorously, the curves related to the frequencies of translational modes) undergo only
minor qualitative and quantitative changes for slight variations of the parameter set (0%, x2, ).
On the contrary, the rotational frequencies (rigorously, the curves related to the frequencies of
rotational modes) strongly depend on the 9 and x parameters, with an approximately linear
law of direct and inverse proportionality, respectively. Physically, this remark states that the
amplitude of the total band gap BGr can be amplified/reduced by modifying the ring density
(higher/lower d-values) or their rotational-to-translational mass ratio (lower/higher x2-values).
For instance, the band gap can be verified to close (null amplitude) for y? > 1/36.

As major remark, the material does not present low-frequency total band gaps, neither they
can be obtained for a different, generic parameter set. This persistent scenario is a direct con-
sequence of the high spectral density characterizing the translational frequencies, together with
the large number of crossing points between their dispersion curves. Looking at waves propa-
gating along the diagonal direction (Figure 3b), the small-amplitude partial band-gap BGp can
be found at low-frequencies, ranging between two translational-translation curves. It can be
verified that this gap occurs in the direction of minimum auxeticity of the material, consistently
with the findings of [14]. Fixed the other parameter, the gap amplitude A;» can be moderately
increased by an increment of the d-parameter, up to A;2 ~ 0.250.
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Figure 4: Low-frequency Floquet-Bloch spectrum (w* = w/w,) of the meta-material (y = 148,/100):
(a) horizontal and (b) diagonal direction of wave propagation (3] = 31/7, Biy = B12/(V/27)).

3.2 Effects of the local resonators

The strong potential recognized to micro-oscillator arrays in preventing the wave propaga-
tion through periodic lattices can be explained by the effective negative values of mass density
achievable in the equivalent elastic continua [25, 26]. Inter-oscillator distances lower than the
typical wavelengths let the meta-material internally resonate in the low-frequency range, where
band gaps may open in the Floquet-Bloch spectrum, in correspondence with the tunable natural
frequencies of the oscillators (resonators). The present study is focused on two different tasks

1. check whether a proper tuning of the meta-material resonators (through the y-parameter)
allow the opening of total band gaps, by either the widening of an existing partial band
gap or the transformation of a crossing point into a veering between adjacent curves,

i. verify the possibility to finely control (through the a-parameter) the total band-gap am-
plification/deamplification, in order to quantitatively evaluate the meta-material potential
in terms of achievable performance range against undesired wave propagation.

To the former task, the oscillator-to-ring mass can be tentatively assigned to the reference
value &« = 1/2, which optimizes the resonator performance in similar chiral meta-materials
[29]. First, the partial-to-total widening of the low-frequency band gap BGp is challenged.
The crossing Cp between the forth and fifth dispersion curves, which closes the band gap in
the horizontal propagation direction, is pointed as target frequency by tuning v = 148/100
(corresponding to the upper dashed line in Figure 3). The efficiency of the resonator action
is confirmed by the low-frequency Floquet-Bloch spectrum of the meta-material (Figure 4).
Indeed, a new total band BG}, with almost b-independent amplitude A; = A;5 ~ 0.300,
rises up and lies just across the tuned frequency. The original crossing point is removed by a
strong softening/hardening effect, consisting in the downward/upward frequency shifting of the
previously intersecting curves (gray lines). The band gap opening is not compromised by the
local densification of the spectrum owing to the doubled dimension of the meta-material model.
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Figure 5: Low-frequency Floquet-Bloch spectrum of the anti-tetrachiral meta-material (v = 62/100):
(a) horizontal and (b) diagonal direction of wave propagation (3] = 31/7, Biy = f12/(V/27)).

Second, the crossing Cr between the second and third dispersion curves, which characterizes
the horizontal propagation direction, is pointed as target frequency by tuning v = 62/100
(corresponding to the lower dashed line in Figure 3). Again, the resonator action successes in
opening a low-frequency total band BG},, with almost b-independent amplitude A; = Ay >~
0.037, lying across the tuned frequency (Figure 5). The band gap is provided by a strong linear
interaction among the new spectrum curves and the previously intersecting curves (gray lines),
which are forced to veer away form their original crossing point.

To the latter task, a few parametric analyses have been carried out under variation of the
resonator-to-ring mass, without changes in the tuning parameters (Table 1). The results tend to
confirm that the total band gap amplitudes are b-independent (A; = A;,) and that — fixed the
resonator mass — larger band gap are achievable at higher tuning frequencies. Finally, the band
gap amplitudes are found to grow up with the increments of the resonator mass. In this respect,
the trend of the mass-to-amplitude ratios suggests an underlying quadratic relationship which
could be investigated by means of local analyses based on perturbation methods.

Table 1: Amplitudes of the low-frequency band-gaps obtainable in the anti-tetrachiral meta-material.

PERIODIC MATERIAL (w* ~ 148/100) PERIODIC MATERIAL (w* ~ 62/100)
A Aqo Description A Aqo Description
— 0.114 Partial — — Absent

META-MATERIAL (v = 148/100) META-MATERIAL (y = 62/100)

o A Aio Description A Aio Description
1/4 0.086 0.086 Total 0.021 0.021 Total
1/3 0.148 0.148 Total 0.037 0.037 Total
1/2 0.307 0.307 Total 0.080 0.080 Total
2/3 0.501 0.501 Total 0.138 0.138 Total
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4 CONCLUSIONS

A parametric beam-lattice model has been formulated to describe the linear planar dynamics
of the unit cell which characterizes the periodic microstructure of the auxetic anti-tetrachiral
material. The persistent absence of low-frequency band gaps in the Floquet-Bloch spectrum
has been verified. This lack limits the smart functionalities of passive noise suppression and vi-
bration filtering of the material, when it is used as elastic waveguide. The transformation into a
meta-material, by introducing local undamped resonators with flexible properties of tunable fre-
quency and selectable mass ratio, has demonstrated its potential in strongly modifying the orig-
inal low-frequency band structure. In particular, a tailor-made design of the resonator parame-
ters has allowed the widening of an existing partial band gap, as well as the opening of a new
band gap across the tuned frequency, with adjustable amplitude depending on the selected mass.
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