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Abstract. Functionally graded piezoelectric plates (FGPPs) considered in the current study 

have been received much attention in recent years due to their various applications including 

sensors and actuators, aerospace, nuclear energy, chemical plant, electronics, biomaterials, 

piezoelectric motors, reduction of vibrations and noise, infertility treatment, ultrasonic 

micromotors, micropumps and microvalves, photovoltaics. 

The time-stepping dual reciprocity boundary element method modeling was proposed to study 

the 3D dynamic response of an anisotropic rotating initially stressed functionally graded pie-

zoelectric plate (FGPP). The FGPP is assumed to be graded through the thickness. The main 

aim of this paper is to evaluate the effects of initial stress and rotation on the displacement 

components in an anisotropic FGPP. Then we studied the effect of inhomogeneity on the dis-

placement components in presence of initial stress and rotation. In the end, the accuracy of the 

proposed method was examined and confirmed by comparing the obtained results with those 

known previously. 
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1. Introduction 

       Functionally graded piezoelectric plates (FGPPs) considered in the current study have 

been received much attention in recent years due to their various applications including sen-

sors and actuators, aerospace, nuclear energy, chemical plant, electronics, biomaterials, piezo-

electric motors, reduction of vibrations and noise, infertility treatment, ultrasonic micromotors, 

micropumps and microvalves, photovoltaics. Since it is very difficult to find the analytical 

solution to the considered problem, therefore, an important number of engineering and math-

ematical papers devoted to the numerical solution have been studied to describe the global 

behavior of such problems. 

       Piezoelectric ceramics are being widely used in electromechanical devices such as sen-

sors, filters, ultrasonic generators and actuators because they offer excellent coupling proper-

ties between the mechanical and electrical fields of these devices, and the fracture of these 

piezoelectric materials has therefore been receiving a great deal of attention (Suo et al.  [1], 

Pan [2], Jin and Zhong, [3], Zhang et al. [4], Lin et al. [5], Fang et al. [6], Abd-Alla and Al-

Sheikh [7, 8], Kuna [9], Zaman et al. [10], Zhong et al. [11], Akbarzadeh et al. [12], Davì and 

Milazzo [13], Abd-Alla et al. [14], Abd-Alla and Askar [15], Alibeigloo and Liew [16] and 

Rafiee et al. [17]). It is well known that extension of the current fundamental fracture con-

cepts and criteria from pure elasticity to piezoelectricity is not straightforward because of the 

coupling between the mechanical and electric fields. 

       The advantages in the boundary element method (BEM) arises from the fact that the 

BEM can be regarded as boundary–based method that uses the boundary integral equation 

formulations where only the boundary of the domain of the partial differential equation (PDE) 

is required to be meshed. But in the domain-based methods such the finite element method 

(FEM), finite difference method (FDM) and element free method (EFM) that use ordinary 

differential equation (ODE) or PDE formulations, where the whole domain of the PDE re-

quires discretisation. Thus the dimension of the problem is effectively reduced by one, that is, 

surfaces for three–dimensional (3D) problems or curves for two-dimensional (2D) problems. 

And the equation governing the infinite domain is reduced to an equation over the finite 

boundary. Also, the BEM can be applied along with the other domain-based methods to verify 

the solutions to the problems that do not have available analytical solutions. Presence of do-

main integrals in the formulation of the BEM dramatically decreases the efficiency of this 
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technique. One of the most frequently used techniques for converting the domain integral into 

a boundary one is the so-called dual reciprocity boundary element method (DRBEM). This 

method was initially developed by Nardini and Brebbia [18] in the context of two-

dimensional (2D) elastodynamics and has been extended to deal with a variety of problems 

wherein the domain integral may account for linear-nonlinear static-dynamic effects. A more 

extensive historical review and applications of dual reciprocity boundary element method may 

be found in Brebbia et al. [19], Wrobel and Brebbia [20], Partridge and Brebbia, [21], Par-

tridge and Wrobel [22], Frijns et al. [23], Gaul [24] and Fahmy [25-34]. 

       In this paper the governing equations of an anisotropic FGPP under the influence of grav-

ity are solved by means of a time-stepping dual reciprocity boundary element method 

(DRBEM) to describe the displacement behavior of the homogeneous and functionally graded 

plates in an anisotropic FGPP under the influence of gravity. The accuracy of the proposed 

method was examined and confirmed by comparing the obtained results with those known 

previously.  

 

2  FORMULATION OF THE PROBLEM 

The governing equations for the stress wave propagation in anisotropic functionally graded 

piezoelectric plate may be written in the following form 

                                                                                                                  

                                                                                                                                                               

In which 

                                                                                                                                   

                                                                                                                                      

                                                                                                                                     

where 

                                                     
 

 
                                                                                  

Substituting (3)-(5) into (1) and (2) leads to 

                      
 

   
                         

                                                                                                                                           

                                                       
 

   
                                                         



Where    is the electric field vector,   is the electric potential,   is the electric displacement, 

      is the elasticity tensor                     ,       is the piezoelectric tensor 

           ,     is the permittivity tensor          ,   is the density and  ℵ  
 

   
 

A superposed dot denotes differentiation with respect to the time and a comma followed by a 

subscript denotes partial differentiation with respect to the corresponding coordinates. 

The governing equations (7) and (8) can be written in the following form 

                                              ℵ                ℵ                      

                                                          ℵ                ℵ                                          

 

3  NUMERICAL IMPLEMENTATION 

The governing equations (9) and (10) can now be written in operator form as follows 

                                                                                                                                                         

                                                                                                                                                         

Where 

                                                                          
 

  

 

  
                                                                      

                                                ℵ                ℵ                       

                                                                           
 

  

 

  
                                                                      

                                                        ℵ                ℵ                                                

It is convenient to use the contracted notation to introduce generalized piezoelectric vectors 

and tensors, which contain corresponding elastic and electric variables as follows: 

 

                                                          
                    
                              

                                                           

                                                        
                          

                                   
                                                         

                                         

 
 
 

 
                               

                                        

                                         

                                                   

                                        

Using the following Kronecker delta representation 
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The governing equations can be combined as follows: 

                                                                                                                                           

where 

         
 

  

 

  
 

    
                                                       

                                                                                                    
  

   ℵ       ,                        ℵ    

Now, we choose the fundamental solution    
  as weighting function as follows 

                                                             
                                                                          

The weighted residual formula is integrated by parts twice to obtain the following piezoelec-

tric reciprocity relation 

                                   
        

    

 

        
       

    

 

                               

where 

   
            

    

Making use of the sifting property, we obtain from equation (23) the piezoelectric representa-

tion formula 

                                  
       

    

 

       
               

 

                           

The DRBEM is employed in equation (24) to transform the domain integrals into boundary 

integrals, hence we may deduce the following piezoelectric dual reciprocity representation 

formula 

           
       

    

 

   

                                         
          

    
 
    

    
  

 

   

 

   

  
 
                                        

Now the source term in equation (24) is approximated by a series of tensor functions    
 

 and 

unknown coefficients   
 

 as follows 



                                                                       
 
  
 

 

   

                                                            

Using the thin plate splines (TPS) as in Fahmy [27], we can write the particular solution 

of the displacement as follows 

                            
 

 

 
 
 

 
  

 

  
               

      

  
 
 

  
     

 

  
       

 

 
   

 

  
      

                                

where    is the Bessel function of the third kind of order zero and 

                    , which is known as Euler's constant,         is the Eu-

clidean distance between the field point   and the load point  . 

Hence, the traction particular solution    
 

 and the source function     
 

 can be obtained 

by evaluating 

                                                 
 
           

 
             

 
    

 
                                                    

According to Fahmy [35-38] and Fahmy et al. [39-42], the dual reciprocity boundary integral 

equation (25) can be written in the following system of equations  

                                             ζ              ζ                                                                   

where  ζ,   are BEM system matrices,   ,     contain the nodal values of the generalized dis-

placements and fluxes, and   ,    contain the particular solutions 

 

                                                          
     

 
   

      
      

  
  
  
                                                           

Now, the piezoelectric dual reciprocity representation formula can be written as  

 

                                                      
   

 

       
   

 

                                           

Where     means the Cauchy Principal Value.  

The coefficient vector       can be calculated by setting up a system of N equations from (26) 

using the point collocation procedure, which yield 

                                                                                                                                                  

where 
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Substitution of (34) into (29) yields the system  

                                                           ζ                                                                          

where the volume matrix   , piezoelectric mass matrix   and source vector       are as fol-

lows: 

                                      ζ         ,          ,                                                    

In order to solve system (36), the nodal vectors are subdivided into known and unknown parts 

denoted by the superscripts k and u. 

                                                                            
                                                             

The following matrix equation is obtained from Eq. (36). 

              
     

      
   

  

   
    

     

      
  
     

     
   

      

      
  
     
     

   
     

     
                  

The unknown fluxes       are obtained from the first row of matrix equation (24) and are ex-

pressed as follows. 

                                            

                                                                                                                     

Making use of Eq. (40), we can write the second row of matrix equation (39) as follows 

                                                                                                                                       

where 

                                      

                     

                     

                     

                     

                     

                             

We now split the system (41) into elastic and electric parts as follows: 



                                
   

  
   

  
  
      

      
   

   
    

 

   
    

   
     

     
   

  
    

  
    

                                     

The unknown electric potential    can be obtained from the second row of Eq. (42) as fol-

lows 

                                            
  

  
   

        
           

                                             

With the use of Eq. (43) into the first row of Eq. (42) we obtain 

                                                                                                                                        

where 

         
        

     
  

  
  
     

       
     

     
  

  
   

  

       
     

     
  

  
   
  

Now, writing equation (44) for the n+1th time step 

                                                                
         

       
                                                              

where 

                                            
       

        
         

        
                                             

The Newmark time integration algorithm was used to reduce the system of ordinary differen-

tial equations (45) to an algebraic system. The displacements      and velocities       used in 

this algorithm are approximated at time step n+1 as follows:  

                                                                                                                                

                                                      
 

 
                

                                          

The acceleration at time step n+1 may be expressed from Equation (48) as:    

                                          
 

    
          

 

   
     

 

  
                                           

Upon substitution of (49) into (45) we obtain the following algebraic system 

                                                                 ℝ    
  ℳ

   
                                                                         

where the stiffness matrix ℝ and effective load vector ℳ
   

 are given by 

                                                                 ℝ  
 

    
                                                                         

                                 ℳ
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Once we have solved (50) for the unknown displacements at time step n+1, we can compute 

the accelerations and velocities from equations (49) and (47) respectively. Finally, the electric 

potential       can be obtained from (43)  and the unknown generalized tractions       can 

be determined using equation (40).  

 

4. Numerical results and discussion 

With the view of illustrating the numerical results calculated by method presented in this pa-

per, the material chosen for the plate is the piezoelectric ceramic Lead Zirconate Titanate 

(PZT), and the physical data for which is given as follows: 

The elasticity tensor   , piezoelectric tensor    and relative permittivity ϵ
   

 

                               

 

  
 

          
          

          
          

          
          

          
          

          
          

          
          

          
          

          
          

          
           

  
 
                              

                                       
                        
                        
                        

                                          

                                                     ϵ
   

  
            
            
            

                                                          

The present work should be applicable to any anisotropic FGPP deformation problem. The 

application is for purpose of illustration; we do not intend to validate the results in a quantita-

tive way because we have no experimental data at hand; this may be justified because our ob-

jective is to introduce a viable numerical technique for studying a model rather than to study 

any physical behaviors of it. Such a technique was discussed in Fahmy [43] who solved the 

special case from this study in 2D in the absence of rotation and initial stress. To achieve bet-

ter efficiency than the technique described in Fahmy [43], we use thin plate splines into a 

code, which is proposed in the current study. We extend the study of Fahmy [43], to solve 3D 

in the presence of rotation and initial stress. Thus, it is perhaps not surprising that the numeri-

cal values obtained here are in excellent agreement with those obtained by Fahmy [43].  

The results of calculations are presented in Figs. 2–4. Comparison of the results is presented 

graphically for the following different cases: the solid line represents the solution in absence 

of initial stress       and rotation      , the dashed line represents the solution in the 

http://www.morgantechnicalceramics.com/materials/lead-zirconate-titanate-pzt
http://www.morgantechnicalceramics.com/materials/lead-zirconate-titanate-pzt


presence of initial stress         and in the absence of rotation      , the dotted line rep-

resents the solution in the absence of initial s tress       and in the presence of rotation 

        and the dashed-dotted line represents the solution in presence of initial stress 

        and rotation        . It can be seen from these figures that the effect of initial 

stress and rotation is very pronounced. 

To evaluate the influence of the inhomogeneity on the displacements in an anisotropic FGPP, 

the inhomogeneity parameter is taken to be     for the homogeneous plate, we assume that 

    for functionally graded plate. The computed results are presented graphically in Figs. 

5-7, the figures show the difference between homogeneous and functionally graded plates. 

In the special case under consideration, the results are plotted in Figs. 8–10 to show the validi-

ty of the DRBEM. These results obtained with the DRBEM have been compared graphically 

with those obtained using the Meshless Local Petrov–Galerkin (MLPG) method of Stanak et 

al. [45] and also the results obtained using the Peano-Baker Series (PBS) method of Liu et al. 

[46] are shown graphically in the same figures to confirm the validity of the proposed method. 

It can be seen from these figures that the DRBEM results are in excellent agreement with the 

results obtained by MLPG and PBS methods, thus confirming the accuracy of the DRBEM. 
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